Abstract. Model sets play a fundamental role in structure analysis of quasicrystals. The diffraction diagram of a quasicrystal admits as symmetry group a finite group G, and there is a G-cluster C (union of orbits of G) such that the quasicrystal can be regarded as a quasiperiodic packing of interpenetrating copies of C. We present an algorithm which leads from any G-cluster C directly to a multi-component model set Q such that the arithmetic neighbours of any point x ∈ Q are distributed on the sites of the translated copy x + C of C. Our mathematical algorithm may be useful in quasicrystal physics.
Introduction
Model sets (also called cut and project sets) have been introduced by Y. Meyer [15] in his study of harmonious sets and later, in the course of the structure analysis of quasicrystals, rediscovered in a variety of different schemes [9, 10, 11] . Extensive investigations [6, 7, 8, 10, 11, 12, 13, 14, 15, 16, 17] on the properties of these remarkable sets have been carried out by Y. Meyer Quasicrystals are materials having long-range order without being periodic. Their diffraction spectra contains bright spots (the "Bragg peaks") indicative of long range order, which exhibits non-crystllographic symmetries. The set of the Bragg peaks with intensity above a certain threshold occurring in the diffraction diagram of a quasicrystal is a discrete set invariant under a finite group G, and the high-resolution electron microscopy suggests that the quasicrystal can be regarded as a quasiperiodic packing of copies of a well-defined G-invariant atomic cluster C, most of them only partially occupied. From a mathematical point of view, the G-cluster C describing the microstructure of quasicrystal can be defined as a finite union of orbits of G.
The purpose of the present paper is to present a mathematical algorithm which leads from any G-cluster C directly to a multi-component model set Q representing a quasiperiodic packing of interpenetrating copies of C, most of them only partially occupied. It shows how to embed the physical space into a superspace E k and how to choose a lattice L ⊂ E k in order to get by projection the desired local structure. Our algorithm, based on the strip projection method and group theory, is a generalization of the model proposed by Katz and Duneau [10] and independently by Elser [6] for the icosahedral quasicrystals.
Since the multi-component model sets have several properties desirable from the physical point of view (they are uniformly discrete, relatively dense, have a well-defined density and a well-defined Bragg spectrum), our algorithm may be useful in quasicrystal physics.
Model sets and multi-component model sets
In this section we review some definitions and results concerning the notions of model set and multi-component model set.
Let E be a vector subspace of the usual k-dimensional Euclidean space E k = (R k , , ), where
for any x = (x 1 , ..., x k ), y = (y 1 , ..., y k ). The subset of E B r (a) = {x ∈ E | ||x − a|| < r}
where a ∈ E, r ∈ (0, ∞), is the open ball of center a and radius r. DEFINITION 1. Let Λ be a subset of E.
1. The set Λ is relatively dense in E if there is r ∈ (0, ∞) such that the ball B r (x) contains at least one point of Λ, for any x ∈ E.
2. The set Λ is uniformly discrete in E if there is r ∈ (0, ∞) such that the ball B r (x) contains at most one point of Λ, for any x ∈ E.
3. The set Λ is a Delone set in E if Λ is both relatively dense and uniformly discrete in E.
4. The set Λ is a lattice in E if it is both an additive subgroup of E and a Delone set in E.
DEFINITION 2.
A cut and project scheme is a collection of spaces and mappings E 1
formed by two orthogonal subspaces E 1 , E 2 of E k , the corresponding natural projections π 1 , π 2 , and a lattice L in E 1 ⊕ E 2 such that: -an isometry I : E n −→ E 1 which allows to identify E n with E 1 , -a set W satisfying the conditions:
(iii) The boundary ∂W of W has Lebesgue measure 0
Model sets have strong regularity properties. THEOREM 1. [16, 17] Any model set Λ is a Delone set and has a well-defined density, that is, there exists the limit
where #(Λ ∩ B r ) is the number of points of Λ lying in B r = B r (0), and vol(B r ) is the volume of B r .
In structure analysis of quasicrystals, the experimental diffraction image is compared with the diffraction image of the mathematical model Λ, regarded as a set of scatters. In order to compute the diffraction image of the model set Λ, it is represented as a complex Borel measure in the form of a weighted Dirac comb
where ̺ : Λ −→ C is a bounded function and δ x is the Dirac measure located at x, that is, δ x (f ) = f (x) for continuous functions f . In this way, atoms of quasicrystal are modeled by their positions and scattering strengths. One can prove [7, 8] the following results:
1. The measure ω is translation bounded, that is, there exist constants C K so that
for all compact K ⊂ R n .
The autocorrelation coefficients
exist for all z ∈ ∆ = Λ − Λ = {x − y | x, y ∈ Λ}.
3. The set {z ∈ ∆ | η(z) = 0} is uniformly discrete.
The autocorrelation measure
exists.
It is usually assumed that the diffraction image of Λ is related to the Fourier transformγ ω of the autocorrelation measure γ ω which can be decomposed asγ
by the Lebesgue decomposition theorem. Hereγ ω (B) is the total intensity scattered into the volume B, (γ ω ) pp is a pure point measure, which corresponds to the Bragg part of the diffraction spectrum, (γ ω ) ac is absolutely continuous and (γ ω ) sc singular continuous with respect to Lebesgue measure. We have the following result.
THEOREM 2. [7, 8] Any model set diffracts, that is, it has a welldefined Bragg spectrum.
In the case of certain model sets used in quasicrystal physics as a cotf-lmp4a.tex; 2/03/2008; 22:51; p.4 mathematical model, the agreement between theoretic and experimental diffraction image as concern the position of Bragg peaks is rather good [6, 10] .
The notion of model set admits the following generalization [1] .
-a cut and project scheme (3),
-an isometry I : E n −→ E 1 which allows to identify E n with E 1 ,
THEOREM 3. [1] Any multi-component model set is a Delone set, has a well-defined density and a well-defined Bragg spectrum.
3. Model sets with predefined local structure
Let {g : E n −→ E n | g ∈ G} be a faithful orthogonal R-irreducible representation of a finite group G, and let
be the G-cluster symmetric with respect to the origin generated by a set S ⊂ E n . For each g ∈ G, there exist the numbers s
1} and a permutation of the set {1, 2, ..., k} denoted also by g such that
for all j ∈ {1, 2, ..., k}.
Let e i = (e i1 , ..., e in ), and let ε 1 = (1, 0, ..., 0), ..., ε k = (0, ..., 0, 1) be the vectors forming the canonical basis of E k . THEOREM 4. [2, 3] The formula
defines the orthogonal representation
of E k is G-invariant and the vectors form an orthonormal basis of E.
THEOREM 6. [2, 3]
The subduced representation of G in E is equivalent with the representation of G in E n , and the isomorphism of representations
with the property I(α 1 , α 2 , ..., α n ) = α 1 w 1 + α 2 w 2 + ... + α n w n allows us to identify the 'physical' space E n with the subspace E of E k .
THEOREM 7. [2, 3]
The matrix of the orthogonal projector π : 
Let V be a G-invariant subspace of E k . Since the representation of G in E k is orthogonal and gx, y = gx, g(g −1 )y = x, g −1 y the orthogonal complement
of V is also a G-invariant subspace. The orthogonal projectors Π, Π ⊥ : E k −→ E k corresponding to V and V ⊥ satisfy the relations
for any g ∈ G.
Proof. a) Let us assume that there is z ∈ L ∩ V, z = 0. For each y ∈ L the solutions x = (x 1 , x 2 , ..., x k ) of the equation
form the hyperplane H y orthogonal to z passing through y. The hyperplane H y intersect the one-dimensional subspace Rz = {αz | α ∈ R} at a point corresponding to α = y, z /||z|| 2 . Since y, z ∈ κ 2 Z, the minimal distance between two distinct hyperplanes of the family of parallel hyperplanes {H y | y ∈ L} containing Π(L) is κ 2 /||z||. The set Π(L) which is contained in union H = y∈L H y can not be dense in V. Each point of Rz − H belongs to V but can not be the limit of a sequence of points from Π(L).
b) In view of a well-known result [5] concerning lattices in subspaces of E k , there exist λ 1 , λ 2 , ... , λ s in L such that {Πλ 1 , Πλ 2 , ..., Πλ s } is a basis in V and Π(L) = ZΠλ 1 + ZΠλ 2 + ...ZΠλ s .
We extend {λ 1 , λ 2 , ..., λ s } up to a basis {λ 1 , λ 2 , ..., λ k } of E k by adding new vectors λ s+1 , λ s+2 , ... , λ k from L. For each i ∈ {s + 1, s + 2, ..., k} there are α i1 , α i2 ,... , α is ∈ Z such that
The linearly independent vectors
belonging to L form a basis in V ⊥ . Since the coordinates v i1 , v i2 ,...,v ik of each vector v i belong to κZ the space V which coincides to the space of all the solutions x = (x 1 , x 2 , ..., x k ) of the system of linear equations Any subgroup of the additive group (R k , +) can be regarded as a Zmodule with αx = x + x + ... + x (α terms) and (−α)x = −(αx) for any α ∈ N. In order to obtain a description of the structure of Z-module Π(L) we use the following result. 
The subspace V 1 in this decomposition is uniquely determined. THEOREM 11. There are subspaces V 1 , V 2 such that:
The subspace V 1 is uniquely determined and G-invariant.
Proof. The existence of the decomposition follows directly from the previuos theorem. It remains only to prove the G-invariance of V 1 . For each x ∈ V 1 there is a sequence (ξ j ) j≥0 in Π(L) such that x = lim j→∞ ξ j and ξ j = x for all j. The transformation g : E k −→ E k corresponding to each g ∈ G is an isometry and g(L) = L. Therefore
In view of this result, there is a G-invariant subspace E ′ and a subspace V such that
Since E ⊥ and E ′ are G-invariant, the orthogonal complement (see figure 1 )
For each x ∈ E k there exist πx ∈ E, x ′ ∈ E ′ and x ′′ ∈ E ′′ uniquely determined such that x = πx + x ′ + x ′′ . The mappings
are the orthogonal projectors corresponding to E ′ and E ′′ .
THEOREM 12. The Z-module π(L) is either discrete or dense in E.
Proof. In view of theorem 11, there is a G-invariant subspace V 1 and a subspace V 2 such that
, and π(L) ∩ V 2 is a lattice in V 2 . Since the representation of G in E is irreducible we must have either V 1 = {0} or V 1 = E. Letπ = π+π ′ , E =π(E k ) = E⊕E ′ , and let p : E −→ E, p ′ : E −→ E ′ be the restrictions of π and π ′ to E.
If π ⊥ (L) is not discrete in E ⊥ then for any ρ ∈ (0, ∞) the dimension of the subspace V ρ generated by the set {π ⊥ x | x ∈ L, ||π ⊥ x|| < ρ} is greater than or equal to one. More than that,
and there is ρ 0 ∈ (0, ∞) such that V ρ = V ̺ 0 for any ρ ≤ ρ 0 . We have
is a cut and project scheme.
Letx,ỹ ∈ L with px = pỹ, and let x, y ∈ L be such thatx =πx andỹ =πy. From px = pỹ it follows πx = πy, whence x − y ∈ E ⊥ . Since L ∩ E ′′ contains a basis of E ′′ and L ∩ E ′ = {0} we must have x − y ∈ E ′′ , whencex =ỹ. Therefore p restricted to L is one-to-one.
Let W = π ⊥ (W) be the projection on E ⊥ of a hypercube
where v ∈ E ′ is such that no point of π ⊥ (L) belongs to ∂W.
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is a multi-component model set.
Proof. Let Θ = {θ i | i ∈ Z} be a subset of L such that π ′′ (L) = π ′′ (Θ) and π ′′ θ i = π ′′ θ j for i = j. The lattice L is contained in the union i∈Z E i of all the cosets
Since π ′′ (L) is discrete in E ′′ , the intersection (see figure 1 )
is non-empty only for a finite number of cosets E i . By changing the indexation of the elements of Θ if necessary, we can assume that the subset of
has a non-empty interior only for i ∈ {1, ..., m}. The 'polyhedral' sets W i satisfy the conditions (i)-(iii) from definition 3, and
The set Q is a union of interpenetrating copies of the starting cluster C, most of them only partially occupied. For each point πx ∈ Q the set of all the arithmetic neighbours of πx
is contained in the translated copy {πx + e 1 , ..., πx + e k , πx − e 1 , ..., πx − e k } = πx + C of the G-cluster C. A fragment of Q can be obtained by using, for example, the algorithm presented in [19] .
In view of the theorem 3, each quasiperiodic set defined by the above algorithm is a Delone set, has a well-defined density and a well-defined Bragg spectrum.
An example
In order to illustrate the algorithm presented in the previuos section we consider the dihedral group D 10 = a, b a 10 = b 2 = (ab) 2 = e , the two-dimensional representation
and the D 10 -cluster generated by e 1 = (1, 0) The action of a and b on C is described by the signed permutations and the corresponding transformations a, b :
The matrices of the projectors corresponding to E, E ′ and E ′′ are
where
In this case κ = 5/2, and the projection of L = κZ 5 on the space 
If W = π ⊥ (W) is the projection on E ⊥ = E ′ ⊕ E ′′ of a hypercube W = v + {(x 1 , x 2 , x 3 , x 4 , x 5 ) | 0 ≤ x j ≤ κ for any j} with v ∈ E ′ chosen such that no point of π ⊥ (L) belongs to ∂W then
is the set of all the vertices of a Penrose tiling [10] . The lattice L is contained in the union j∈Z E j of subspaces E j = {(x 1 , x 2 , x 3 , x 4 , x 5 ) | x 1 + x 2 + x 3 + x 4 + x 5 = jκ} = θ j + E where θ j = (jκ, 0, 0, 0, 0) ∈ L. Since L ∩ E j = θ j + L, the set
is a coset of L = L ∩ E in L, for any j ∈ Z. The set W ∩ E j is non-empty only for j ∈ {0, 1, 2, 3, 4, 5}, but W j = π ′ (W ∩ E j ) has non-empty interior only for j ∈ {1, 2, 3, 4}. Let P ⊂ E ′ be the set of all the points lying inside or on the boundary of the regular pentagon with the vertices 
One can remark that W 1 = v + P, W 2 = v − τ P, W 3 = v + τ P, W 4 = v−P, and express the pattern Q as a multi-component model set
This definition is directly related to de Bruijn's definition [15] . The particular case of the icosahedral group, very important for quasicrystal physics, has been presented (with direct proofs) in [4] .
